We obtain new duality transformations, relating some exact string backgrounds, by defining the nilpotent duality. We show that the ungauged SL(2, R) WZW model transforms by its action into the three dimensional plane wave geometry.
The study of the classical solutions in string theory has received much attention in recent times. There have been two aspects of this study. The first one is to investigate the solutions of the low energy classical action [1] For the SL(2, R) theory, it is known that the axial and vector gauged models are related to each other via duality transformations [13] and are equivalent as conformal field theories though the target space geometry is very different in both the cases. The generalizations of these results to larger duality groups such as The plan of the paper is the following: we shall consider the nilpotent gauging of the SL(2, R) WZW model, where we gauge the subgroup E(1). We shall use the standard duality prescription to obtain the dual backgrounds for both the axial and the vector gauged action. Interestingly, we find that the dual geometry corresponding to the SL(2, R) WZW model is a three dimensional target space, representing a plane wave solution. Such plane wave solutions have been discussed recently by various people in the context of WZW models based on non-semisimple groups [21] . The dual metric we have obtained has two isometries and a covariantly constant null killing vector. We then apply the duality inversion with respect to these two isometries and obtain the original ungauged WZW model for one of these.
As will be discussed in the end, our duality transformations do not belong to We now start by considering the WZW model based on the group G = SL(2, R).
We parametrize the group manifold by,
The group action for the axial gauging is given by g → hgh, where g ∈ G,
h ∈ H and H is the abelian subgroup of G. On the other hand, the group action for the vector gauging is given by, g → hgh −1 . Here, we shall consider the gauging of the nilpotent subgroup E(1) of SL(2, R), where the subgroup is generated by
The term nilpotent reflects the fact that (σ + ) 2 = 0. Let us first consider the axial gauged model. The gauged action in this case can be written as,
where, S(g) is the ungauged SL(2, R) WZW model action, which is given by,
B is a three manifold, whose boundary is Σ. The gauge fields A andĀ take values in the algebra of H and they transform as,
In terms of the above parametrization, the ungauged WZW model action becomes,
If ǫ is an infinitesimal gauge transformation parameter, then the above local symmetry is generated by, δg = ǫ g + g ǫ;
We now gauge,
The gauge invariant parameters for this case are x = u − v and w = a − b − u − v and the complete gauged action can be written as,
We fix the gauge by choosing a+ b = 0. So the gauge fixed action has the form,
After integrating out the gauge fields one obtains,
The background metric, antisymmetric tensor and the dilaton fields corresponding to the action (10)can be written as
and Φ = − log w + constant.
This is just the SL(2, R)/E(1) gauged WZW model [19] . The resulting target space is one dimensional and the effective action corresponds to the Liouville action.
Now we obtain the model dual to the SL(2, R) WZW model with respect to its nilpotent subgroup. For this, we start with the original SL(2, R) WZW action, gauge it and then add the Lagrange multiplier term to the action. The gauged action with the Lagrange multiplier term (which is gauge invariant) is given by,
where the currents J andJ are given by,
and λ is the Lagrange multiplier. The gauge fixed action is obtained by putting the condition a + b = 0. Now fixing the gauge and integrating out the gauge fields, the dual sigma model action is obtained in terms of the gauge invariant parameters and λ. The expression is given by,
where we have used the values of A andĀ as (obtained by using their equation of motion),
From the above expression, we can read off the values for the dual background metricg ij and antisymmetric tensor fieldb ij . The dual metric is given by,
The dual dilaton is found to be,
andb ij is zero. Unlike the (here w ≡ 1, λ ≡ 2 and x ≡ 3). These backgrounds satisfy the one loop beta function equations namely,
We have also explicitly verified that they satisfy the two loop beta function equations.
Recently, in a series of papers [22] , the path integral formulations of the gauged WZW model has been given to compute the exact string backgrounds. It was found that the quantum action relevant for computing the exact backgrounds differs from the classical one by a term which is proportional to T r[AĀ]. In our case this term is zero due to the nilpotency of the gauged subgroup. As a result we expect the backgrounds in eqns. (17)- (18)to be exact to all orders in sigma model.
Also, by making a coordinate redefinition,
which is well defined, since w = 0, we can rewrite the dual metric as,
The metricg ij now is independent of λ and y. After shifting y → 2y, we obtain,
which corresponds to a plane wave solution. The killing vector (in λ-direction) k a = (0, 1, 0) is a null vector as k a k a = 0 and k a;n = k a,n − Γ λ an k λ = 0. This implies that k a is a covariantly constant null killing vector. The existence of such a vector and the form of the metric implies that the dual background is basically a three dimensional plane wave solution, which is known to be an exact solution of string theory to all orders [23] . This is consistent with the arguments presented above.
We have also analyzed the vector gauged dual model. The vector gauged action is given by,
The vector gauge transformation is given by, g → hgh −1 . The local vector symmetry is generated by, δg = g ǫ − ǫ g. We gauge the symmetry,
Here the gauge invariant parameters are x ′ = a + b and w = a − b − u − v. We choose the gauge u − v = 0 and again add the Lagrange multiplier term to the gauged action. The gauge fixed action is given by,
Integrating out the gauge fields as before we obtain,
. (26) From the above expression, we find that the dual antisymmetric tensor field is again zero and the dual metric is given by,
The dual dilaton is again given by,
As in the case of axial gauging case, we define, y = x ′ w and shifting y → 2y we obtain,
This is again a plane wave solution in three dimensions. We note that the metric in the two different gauged models, eqns. (22)and (29), are esentially same upto analytic continuations. This follows from the fact that AĀ term is zero in eqns. (2) and (23). As a result, the gauged actions are related by a field redefinition A → −Ā. Taking this into account the dual metric in two different gauging, after a shift λ → λ − y, become (upto analytic continuation),
Now, if we apply the duality inversion [6] [20]with respect to the isometry in y direction for the metric (30), we get,
.
More interesting is the case of λ isometry for the metric (30)for which
Interestingly the final background in (32) where it was pointed put that the duality transformation, after mixing the null isometry with the other ones, can give rise to new consistent backgrounds. It will be interesting to examine this proposal further. It will also be interesting to examine these results for the higher dimensional plane wave solutions and WZW models as well.
